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ABSTRACT

A method for approximating multivariable linear discrete time-varying system is described.
The method is based on minimizing the difference between the system outputs and the reduced order
model outputs. The optimal model parameters are given by a set of non-linear equations. It is shown
that when the output and the state of the model are equal, the synthesis simplifies to a linear problem.
The results are illustrated by a numerical example.
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INTRODUCTION

In many areas of engineering the
approximation of high order linear systems requires
order reduction due to real time computation, speed
and memory constraints.

Extensive research efforts devoted to the
theory of model reduction of linear time-invariant
systems can be found'. However, less attention has
been directed to the problem of model reduction of
time-varying linear systems?’. This is surprising,
because reduced model systems operating under
varying conditions, is needed in many applications,
such as large space structures, flexible flight
systems, nuclear reactors, microphone transmitter
which contain a variable resistor and parametric
amplifiers which derive their gain from variable-
reactance circuit elements. In addition, problems
involving control of missile flights require inclusion
of time varying parameters whereby the responses
are characterized by linear differential equations
with time-varying aerodynamic coefficients. In
adaptive control systems, the parameters of the
controller are adjusted to compensate for changes
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In the present investigation, a method for
approximating multivariable linear discrete time-
varying system is described. The method
considered is similar to the method presented by*
who minimize the error between the outputs of the
original system and the reduced order model. The
optimal reduced model parameters are given by a
set of nonlinear equations. It is also shown that,
when the output and the state of the reduced model
are equal,, the synthesis simplifies to a linear
problem. A numerical example is provided to
illustrate the approach.

Problem Statement

Consider the following linear. discrete time-
varying system:

X (k+1) = AK)X (K) + BKW(K) .1

(2
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where
and Y € R™, A(*), B("),

and C(-) are matrices of appropriate size
is zero mean Gaussian source with covariance

#(K) . The initial state is assumed to be

Gaussian with mean X and covariance V.

It is desired to find an optimal model with
m <r < n of the form:

e
Y, (k) = C, (k) X, (k). - (4)

Where
X, eR", Y. eR™ and such that the

performance measure defined by:

3 =% Ele) Q"] .

is minimum, Q(k) :Q(k)T >0 and it is
assumed that X (0),X, (0),W(K) are mutually

independent.

RESULTS AND DISCUSSION

The augmented system state and the
reduced model state may be expressed as

Z(k+1) = F(K)Z(K) + G(W(K)  ..(6)
where
(7)
Define the second-moment matrix
P(k) = E[Z(K)Z" (K)] .(8)

P(K) is the solution of matrix difference equation.
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P(k+1) = F(K)P(K)F " (k) + G(K)¢(K)G" (k)

...(9)
P(O) = Po
The reduction error is defined as
e(k) =Y (k) -, (k) = L(k)Z(Kk).
...(10)

Where

L(k) =[C(K) - C, (K)]. (1)

Hence, the mean square tracking error
given by (5) becomes

3= VIPKL )

Where

V(k) = L' (K)Q(K)L(K)

..(13)

By optimizing (12) with respect to the free
parameters A (K), B, (k),and C, (k) we have

v%k: w0, (08, (0 eo«)}

0 AM®] 7 [B(K
In order that A (K).B, (k),
C., (K) be optimal, it is necessary that
A (K) =M (k+DN(k + 1) A(K)P, (k)P (k)

and

..(14)
B, (k) =M *(k + )N(k + 1) B(K)

...(15)
C, (k) = C(K)P, (K) P, (K). ...(16)
Where
M (k+1) =CT (k +)Q(k +1)C, (k +1)

..(17)
N(k+1) = CT (k + DQ(K +1)C(k +1)

...(18)
Po(k+1) = AP, (K) AT (k) + B(K)¢(k) B/ (k)

...(19)
Py (k+1) = A ()P, (K)A' (k) + B, (K)$(K)B/ (k)

...(20)

(Proof: see the appendix)
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Remarks

1. The matrix P,,(K+1)is positive definite.
This condition guarantees the invertibility of
P,(k+1).

2. In order A (K)and B, (K) exist, it should
be that M (K +1) positive definite.

3. 1f M(k+1)is not positive definite, one can

find the pseudo-inverse of M (K +1).

4., The general set of necessary conditions (14)-
(20) are nonlinear and therefore requires the
use of iterative numerical algorithm for its
solution.

5. One can vary the weighting matrix

Q(Kk) according to the relative importance
of the tracking error.
Special Case
Consider the problem of finding reduced

model for system with C (k)=1,,i.e.,
Y. (k) = X, (K).The only remaining is now the

matrices A (k)and B, (k) .The following results
are obtained.

Theorem 2

Suppose C, (K) = I, . Then there exist
an optimal reduced order model such that
A (k) = C(k + ) A(K)P, (K) Py, (k)

..(22)

B, (k) = C(k +1)B(K) (22)
where P, (k+1) and P,,(k+1)are given by
(19) and (20)

The proof of Theorem 2 is directly obtained

from the proof of theorem 1 by setting Cr (k) = .

Thus the problem of optimum model reduction now
simplified drastically to the solution of linear matrix
equations. The main computations can be
summarized as follows:

Step 1: Input the maximum value of K,

21

Step 2: Set K = 0, Choose
X(0), X(0), R, (0) and P, (0).
Step 3: Solve for A (K)and B, (K)using (21)-
22).
Step 4: Solve for P,, (K +1) and P,, (k +1) using

(19)-(20).
Step 5: Set k = k +1and return to step 3.

Step 6: Terminate if K =K., -

Example
To illustrate this technique, consider the
following system

X (k +1) = A) X (k) + B()W(K)
..(23)
..(24)

Where

(k)=
A(K) =

)X @) 1/(k+1)

0 05 0

B" (kp=[L/(b41) |1 0],
Ckk)=[1 005 0

Itis desired to generate a first order model
of the form.

Y, (k+1) = A (K)Y; (k) + B, (K)W(k)
using the results of Theorem 2 with
X@©=[0 0 o], X, (0)=0.
P.(0)=[0 0 0O ,P,(0=1

Q(k) = ¢(k) =1, we get the following values of

and

and B, (K)as shown in Fig.1 and Fig.2.

The impulse response of the original third
order system and the optimal first order reduced
model are shown in Fig.3. It is seen that the method
yields a good approximation to the original impulse
response.
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CONCLUSION

A method is proposed for designing an
optimal reduced model for discrete time varying
systems. It has been shown this method requires
the solution of nonlinear matrix equations. However,
when the output and the state of the reduced model
are equal, the problem become linear, and an explicit
solution is possible by solving simple linear matrix

equations. The model can be designed to be more
accurate at some time than at other times by proper
selection of the weighting matrices. The usefulness
of the method was illustrated by an example. It
should be pointed out that the method can also be
applied to the time-invariant case. Presently, we are
investigating a simple method for the reduction of
continuous time varying system.
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APPENDIX

Proof of Theorem 1

The objective is to select matrix sequences
{A(k)},{B(k)l>and {C(K)} to minimize the
performance measure (12) subject to (9). This is a
difficult problem when solved directly using the
minimum principle as noted in [4]. However, the

problem is simplified if one only considers
optimization of the free parameters at the next stage
[8]. Let us now consider the problem of minimizing.

I, =%tr[\/(k+1)P(k+1)]

..(25)



24 Al-Fhaid, Mat. Sci. Res. Ind., Vol. 4(1), 19-24 (2007)

The necessary conditions for optimality are:

where is partitioned as
gk&) = M (K+DA (k)P (K) ~ N(k +DAK)P, (K) = 0 { P,(k) P, (k)}
(29
(26) Pr(k) Py )
and
&]k+l

09 M (k +1)B, (K)$(K) — N(k + 1) B(K)$(k) = 0 M(k+1) =C/ (k+1)Q(k +1)C, (k +1)(3
(27

N(k+1) =CT(k+D)Q(k+1)C(k +1)
a]k+l _ _ _ (31)
mr(k+1)*cr(k+1)Pzz(k+l) C(k+1)P,(k+1) =0

...(28) Substituting (7) and (29) in (9), we get (19)

and (20). Equations (14)-(16) can be obtained
directly from (26)-(28). This completes the proof.



