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ABSTRACT

In this paper, we show that for the algebras A and A, the map 6: A — A defined by
0,(3, ®u) =3 7( a)®y (a)'u, where (5, ®u) € Aand a = {5, ®u}, is a morphism in the category C.
Moreover, it is shown that the morphism 6 : A — A is an algebra map.
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INTRODUCTION

itis shown that the morphism 6: A — Ais an algebra
map.
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(G) can be constructed for every factorization
X = GM of a group into two subgroups G and M, is
well known. This bicrossproductconstruction is one
of the sources of true non-commutative and non-
cocommutative Hopf algebras”°.

These bicrossproduct Hopf algebras have
been studied intensively'¢. In% Beggs has
considered more general factorizations of groups,
and their corresponding algebras. More specifically,
it was shown that it is possible to construct a non-
trivially associated tensor category ¢ from data
which is a choice of left coset representatives M for
a subgroup G of a finite group X. The objects of this
category are the right representations of G that
possess M-grading. The group action and the
grading in the definition of ¢ were combined by
considering a single object A spanned by a basis
3, ®uforS e Mand » € G.This object, A, was shown
to be an algebra in ¢ under certain conditions.

In this paper, we show that for the algebras
A and A, the map 6: A — A defined by 6,(3, ®u) =
B, g @Y (@)"u, where (5, ®u) e A and a =
(3, ®u, is a morphism in the category . Moreover,

same
in®, which is based on the papers*°. Throughout the
paper we assume that all mentioned groups are
finite, and that all vector spaces are finite
dimensional over a field &,

Preliminaries
In order to make the paper self contained,
we include the following definitions and results of2.

Definition
For a group X, consider the factorization
X = GM where G is a subgroup of X and McX is a
set of left coset representatives. For x € X the
factorization x = usfor u € G and s € M is unique.
Define t(s,t) € Gands - t € M as well as the functions
‘MxG—>Gand :MxG — M by the unique
factorizations in X: st=1(s, t)(s-t)andsu=(s 1)
(s wfors,s uweMandus uecG.

Fort,s,p e Mand u v € G, the following
identities hold:

(st)<u=(s<(t>u).(t<u),s>uv=(s>u)((s<u)>v) ,
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(p<z(st)).(st) =) p9)t,
exv=egerv=vire=gtwe=t. ..(1)

The category (is defined to be a category
of finite dimensional vector spaces over a field %,
whose objects are right representations of the group
G and have G\X-gradings, i.e., an object V can be
written as®__,, V. . The action for the representation
iswrittenas  :V xG —V .In addition, itis supposed
that the action and the grading satisfy the
compatibility condition, i.e., (¢ w=(§) u
The morphisms in the category (C is defined to be
linear maps which preserve both the grading and
the action, i.e., for a morphism 9 : V — W we have
8E)=Eyand 9(&) »=9(& wforalléeVandueG.
C is a tensor category with actions and gradings
given by

{FRn={5.{7) and {2 rg};u = .f;-::{?‘,‘-‘}} uj S-rg;u

There is an associator @, : (URV )®
W — U®(V® W) given by

o((£@n) @) = £<t({n i) ® (@D,

The dual object of Ve is of the form
V*=@_, V* ., and we define (a) = s- when ae V*,.
The evaluation map ev : V*® V— £ is defined by

ev(ag) = a(g) = (a (& w)E u), orif we put
n=¢ u we get a(n () w)  w)
m)=(a (M) «")"(n).If this is rearranged to give
a u, we get the following formula:

w)=(a

(a5 ol n3<{ ¥ ] [t o™ ol <™. ftot” )]

(2)

The coevaluation map, which is a
morphism in C is defined by:

coev(D)= Y £ar(d (8 @5,

¢ hasis
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where

v, e M.

‘is a corresponding dual basis of £ € V,,

The dependence on the choice of
representatives was explained as follows: For a given
subgroup G of a group X we can choose different
sets of representatives M and M for the left cosets.
These are related by an arbitrary function y : G\
X— G, so that if s € M then y ([s])s € M. We now
have two sets of binary operations "cocycles" and
left "actions". We write these as - and - : G\X x

G\X »G\X, tand t: G\X x G\X —» G and
:G\X =G for M and M, respectively. The right action
in both cases is the canonical right action by G

on G\X. The following equations connect the different
operation:

and

teu= e Wy, s.t=(s< NN,

(5. ) =y(sHs e y(t)) (s < y(2). (s < FN ™
.(3)

gﬂw}ﬁé mr%t@a\‘ﬁ)cgﬂgjr% %rﬁ?gt?\gé)sqwg(s%(t)hlg dve

phrased the last equations in terms of cosets
[s] = Gs.

The tensor structure given by M,in the
category ¢, shall be called ® as usual and the tensor
structure given by M shall be called ®. The map F,,,
:VOW — V®W is defined by F(E®n) =& r((n))® n
and this gives an equivalence of the two tensor
product structures. To check that F is a morphism in
¢ we note that F preserve the G\X grade from the
equation for the binary operation given in (3). For
the G-action we use

F(£@ny=u=Eay({m)({n}ru)@ nau=
T f ! ( i1 " |.-l i | -\II
g-ﬂl{?g}lf-uluﬂ_{??} Au|@ pau=F| | §??}‘}I{IHJ

Now, we consider morphisms 0 : V-V and
¢:w— in (. It was shown that the following diagram

commutes:
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6@d
vew T VeW
Fw Fiwr
6 .
Vew - VOW

To check that F preserve the associators,
it is sufficient to show that the following diagram
commutes:

2
Ugv)gw

USVEW)

(Fuv & id) o Fu@v aw {id® Few) o Fpvew

USV)@W

UBVEW)

which can be obtained directly from the relation
between tand t in (3). The unit objects are the same
for both tensor structures. It was also shown that
the following diagrams

r
v - Vek
i Fvi
r
V = VRE
r
Vv > k@V
i Floy
r
\% = K@V
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For the dual of on object V in ¢, we use the
assumption on the rigid tensor category structure,
which are that the coset representatives include e
and have right inverse. As X is a finite group, this
implies that the left inverse map is 1-1, i.e. that if
st=t-then s =t. The dual V' is the dual vector space.
but the G\X grading and G action depend on M.
Remember that if a.eV'annihilates all Vpfor p #q
G\X, then it has grade g, but the left inverse depends
on the choice of M. We call V' the dual for the coset

representatives M, and use ()and for the grading

and the action on V'.

It was shown, in®, that the map H, :
V'— V' defined by H (a) = o v(q)" where aeV'
annihilates all Vp for p # g € G\X, is @ morphism in

C. Moreover, it was proved that the following
diagrams commute:

gval
VeV » k
Fv'vo(Hv @id fil
B H ) l
VeV gral ok
oy
= VaEaV'
id Fv'vo (id @ Hv)
k o . veVv

The algebra A in the tensor category Cis
constructed so that the group action and the grading
in the definition of ¢ can be combined. Consider a
single object A, a vector space spanned by a basis
d®ufors e Mand u e G. For any object V in ¢

VOA > Vbye (8®u)=5,5 u
This map is a morphism in ¢ only if (€) . (5. ®u) =
€ wies.(d®u=s wuif(¢)=s.Ifweputa=(5Qu)

define a map

the action of v e Gis given by (§ ®u) v=3§,
®(a

(@ 9

o) 'wo
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Different choices of coset representatives

In [3] it was stated that for a given subgroup
G of a group X, different sets of representatives
M and M for the left cosets can be chosen and these
are related by an arbitrary function :y G\ X — G, so
that if s € M then y ([s])s € M. Also the binary
operations . : G\ X x G\ X > G\ X, G\ Xx G\

X—Gand :G\Xx G — G for M were shown to
be the following:

H:Gﬂy@ﬂ;ﬂiﬂ=ﬂﬂﬁbﬂm

(s < 1(8). )y ((s a yEN 1)
teu = (Ot & )y (t <)

Here we prove that for the algebras A and
A, the map 6: A — A defined by 6,(3,®4) =3,
(2)®y(a)'u, is a morphism in the category (.
In additin, we prove that the morphism 6: A —> A is
an algebra map.

Proposition
Forthe algebras Aand A,themap :A—> A
defined by

6,(6,8u)=d , ®y|d

{ ‘
4 272 |

where (3.®u) € A and a =(3.®u) is a morphism in
the category C.

Proof
We should first show that 6, preserves the
grades. Let a = (5. ®u) then a is defined by

S . og=sau=s5<u,

but also we have
PR . . r .I' ; .I—]
:5 ayla) H.(QIEJ Eu:l>=:5 {}':{IIII-:: 7la|
ol RN ) ol nrd

P |
1
a) u=s-<u,

u=s54y

; a.:l ,

so it preserves the grades. Now we need
to check that it also preserves the actions, i.e.

AKX
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r - -
) e g b e a3 I sy b .
8,16, % ujav|= 6,4, ®ujav

-

To calculate the left hand side we need to calculate
the following:

- . W =1
[5_:@'&5_]‘11":5 E-|al>v| =

sdav| - -

. . I
L@7(a<y)(a>y) 7(d) w

.r-u_'-|.:||.:n-u:|_:-|m| !

SO

L.H.S.

= ety prarea iy ) L= _'r{a_: PR _Y{?{, 1;:.:? =) _ﬂ{;_::." -
= ':5.- 2 e Kan) @ {€ = 1-::'-| ?’{?:'_IL!'I.::

Now we calculate the right hand side
R.H.S. =

6,(5.@u)av=|6,, @@ u|u

Ay ()

= ® (a7 yla) uv.,

Ty lay @)
which shows that 6 preserves the actions.

In [3], the morphism F,, : VW — VW
for VW € ¢ and ® is the tensor structure given
by M, was defined by F((§®n) =£ y((®))®n.
This morphism will be used in the next proposition.

Proposition
For the algebras A and A, the morphism
0: A — Ais an algebra map. Note that we have to be

u
ABA - A
686
A®A 8
F
Ad ¥
u

¥
.

ABA




Al-Shomrani, Mat. Sci. Res. India., Vol. 4(2), 325-330 (2007)

careful about just what this means, as there are two
different tensor products. We mean that the following
diagram commutes:

Proof
For the elements (5.®u) and (5®v) in the
algebra A we have

. w | - _1
H(6.80)®50V))=6,, 40,0y 7| d| w,

where

a={8 Qudandb={5 @V}

SO

-

[ ¢ -
6 4(0:80@58Y))) = Sabicranrien

@(a.b)" (a. by uv.

But we know that

ri:-.:z: b'] = :fi:. .:z'] E:z = :fi:.b.:lx:l {'“ 2 :r’i:. Er.:l By(a<r(B).5 ]_:
and a.b={a<7{b||.6.

So

Aa.)r(a.t)-7{a)(a>7(t)) r|a<r(2).c)

Thus, one direction of the diagram is given by the
following equation:

{1 \ N
'9[ #“5: ® HJ' ® '51 ® H)_}J = 5L:q:5:dy-{ax.z-y-{b}}

teoy @@ 7B @b ) M)

Now to calculate the other direction of the diagram
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we do the following calculation:
83, Bu)BEE 2n)=| g, B Ha)'u|®{d, , BHBI |

Applying the map F,, to the above equation
gives

F, {e (6,2u)26(s,2 .V.”: {5“%] e~ '||

27 (®) 8|6 @ 7))

=1
~8eearimriny @ (@B 7 ®)] (@) ur(®))

@ Erd:r{_b} ® ?(E_’}_IV_]

Therefore, the other direction of the
diagram is given by the following equation:

u|Fu(6(8,©)@6(5,8v))|=

&

ropfan(s] sofal{ ) {aelp)e)

| ' '|_]' r oy '|_] P | PEEREEERS |
@rla<y(p).b) {a>r(2)] 7{a) wlp)rle) v
=4,

N I noor %
o sy |a| @l || 2| 2y b|8|

or(as (2} (e o) ]

which is the same as the first direction and this
completes the proof.
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