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ABSTRACT

In this work we take into consideration a (2+1)-dimensional higher order Broer-Kaup system.
Amodification of homogenous balance method (HB) is suggested to search for periodic solution and
solitary wave solution of Broer-kaup system of nonlinear equations.
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system, homogenous balance method, nonlinear partial differential equations, exact solution.

INTRODUCTION

In the past few decades, there has been
noticeable progress in the construction of exact
solutions for non-linear partial differential equations
which has long been a major concern for both
mathematicians and physicists. This progress in
finding exact solutions to non-linear differential
equations, when they exist, is very important to the
understanding of most non-linear physical
phenomena. For instances, the non-linear wave
phenomena observed in fluid dynamics, plasma and
optical fibers are often modeled by the bell-shaped
sech solutions and the kink-shaped tanh solutions.
There is many powerful method for finding solution
of non linear partial differential equations such as
inverse scattering transform?, Hirota;s bilinear
methods?, Painleve expansion®, Homogeneous
Balance method*, Backlund transformation
method®, tansh method®, Miura transformation
method’, Jacobi elliptic function expansion method?,
F-expansion method® and so on.

In this paper, we consider the following
(2+1)-dimensional higher order Broer-Kaup system

u, + 4 +yt =3 ug +3uw+3p) =0
v, +4(v_ + 3wt +uv + 3 =0

W, ~v, =0

Py~ lwv), =0

which is obtained from the Kadomtsev-
Petviashvili (KP) equation by the symmetry
constraint®, In solving system (1), given by Li
et al'! via a transformation and tanh-function method
to obtain many new exact solutions, Jain et al 12
reduced a system to a simple (1+1)-dimensional
non-linear evolution equation through a
simple transformation. By using the new generally
projective Riccati equation expansion method, they
explore many families of soliton-like and periodic
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solutions for it. Recently, Li et al ** have obtained some
new types of multisoliton solutions for system (1)
by using some simple transformations as
v=u, w=u talx, f), p=w +fand homogenous
balance method.

The following is a summary of our paper:
in section 2 we discuss the solitary wave solution
of system (1), this technique is based to get many
cases of travelling-wave solutions.

Travelling wave solutions
Our method is summed up as follows**":
For a given nonlinear partial differential equations

with fields wix, p, @)
(i=0, 1, Z..) inthree variables x .t

some physical

By, gty U Uy B )=00 (2

we consider it's travelling wave solutions
in the following form

u(x, ¥, =w(f), &= 4t+ Lx+ Ly

where A, A, and A, are arbitrary constants

to be determined later. Equations (2) are reduced
to nonlinear ordinary differential equations

Giln, w4, u,,..) =0 (4)

1 iz F R

where " /" n denote j—g .We now seek the

solution of (3) in the form
u(x, p, D=6 +2ag O+ B A 5
-l el

where @&, @, b, j=1, 2,.m) are
constant to be determined later. The parameter
can be determined by balancing the highest order
derivative terms with the nonlinear terms in equation
(3)and £, fi# satisfy the following extended
Riccati equations

FUE =—glEF (8
g8 =1-g* (& -rf (&)

....(5)
g (& =1-2ef (O + (P +H B

d=+1and r arbitrary constant. Equation
(5) admits the following solutions

when 6=1
1 coshi(#)
fig)= RO glg)= T i ..(6)
whend=1
B <
Tl Scosh(#) +3sinh(&) + 7'
_ Sznh(&) +3cosh(f) -(7)
8 G o(E) 3 Beiah ()t
or
B 1 _ sitth (&)
7= cosh(&)+ # £(¢) cush{§)+r"'(8)

Then substituting (4) along with (5) in
equation (3) yields a set of equations for fg
=0, 1, =0, 1, 2,..). Setting the coefficient of
fg' tozero we get a set of over-determined system
of nonlinear algebraic equations and by using Maple
program we can get the values of 4, g,a, &,
i, f=1,.., m) and hence we can obtain many
exact solutions of (3) according to (6)-(8).

Now assuming the transformation where
wls, p, O =ULE, wa, », £ =FE, wis, p, =805,
px, p, 1= HE&) where & = A+ A, x+ 4y then
system (1) reduced to

EARESRF WEES R F NS F HREE kF R P ARTRES RS T  HEY |
AP+ MAUFL LA AL LD L LU A =0
—1E A = 1

AP -4 -4 =0

..(9)
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Now according to (4)
2. DU =8+ Tag @)+ TP &7 IED
5 DV =0 Teg @) AL @)
» DW=, @e_g-@ +gh..g-*f@n)
7. D= P =k kg @ + 25,67

Balancing the highest order derivative
terms with the nonlinear terms of system (9) we

getm =1, m={=r=232

So we can consider
U=aytagtaf
V=by+big+hg +bf +b 8
W=cytegreg +ofteof
P=dy+dig+d,g" +df+d f&

..(10)

Substituting (10) in (9) and by using (5)
we can eliminate all the coefficients of the powe of
gl (f=10,1, j=0,1 2,.) to get a set of
algabraic polynomials of constants and by using
Maple program to find the values of a;b;c; and
d; where i=10,1 2, j=0,1, 2, 3 4 [18],
then we have the following cases

1. when 6=1 we have

Case 1

u = éﬁg{?\lﬁZ#Z—E -2 IJBZ: +5 +8\|‘§E: +2-Z
(—2+1Jf:+2—2j}
+~|§E:+2—Eitg(.§}

v =%1\_1~_(29«.Ez: +2-2 -THLBET+2-2 +4)

+%«f33: 454852 +2- AR, 58
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w - -%(34:51:55:5,1: $zea-z
66993
_143TOAEA — 136014 21K ACIEIIE T + 2 - Z + 456380
+2—1? GG - Z + SO VST 4548452 +2-Z
(T2 +2-2-26))

Z+2-Z3

n=d, +21—?,a§(4n1d323 FI=F +35)
E(AKIIZ + 1- Z - 26)
+%A§J3.zf R T
(V321 +2-Z)g(&

1

7©) = hd

_ cosh{Z)

gle) sinh( &)
where d, 4, i, i, are arbitrary

constants.

Case 2

1, = f102% +5-7Z Lg(&)

11
Lo ﬁ%ﬂs

+%%szﬂ +5-TZLNZE 18

w, = —L:”;—D[:E].U D" +5-TZA) -1064) -T5R)/4,

+%A§JDZ:+5—?ZJE:+1_J1"(§)
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and 4, ¢, 4, 4, A, are arbitrary constants.

= d, +_1,"m_2:2+5 -TZ A g (&) Cose s
+ﬁﬂ;(—5+7w‘1[:]_zr2 +5-72) 1, = (1022 +5-72) g (&)

‘\,I'E2 +1f{§)g(§) ¥, :%1:1\. +%[:—U'E1DE: +5—?ZJA:AJZ: +1F08
where
8- 1 W =ﬁ(?63(1-"1022+ 5—TZVA;
- 2
i) ;E‘g i +525(1027 +5-72)4
glg) = = L2058 - 375 AN A (-5+ TI0Z2 + 572 )

sinh( &) + 22 +1

+%(\fzﬁ+141032+5—72)»1§f(¢)

and &, A, A4, A are arbitrary constants.

Case 3
=d, +—1.r'mz +5-7Z g(&)
-0z +5-
102 +5-724,g(&) g ()42 ’_Eg"‘hfgf{é}
11 g
1’3‘—1%*'—\&'32 3 TZAANT T LFE) i (COEVIDZT 002

2325
NZE+17(8)g(g)
3=——(11wmz +5-7Z.4 -1064 -754

ono where
+000.4,0,07 4 + g0 &Y
+%(11;¥M+30c2}«4‘22+1ﬂ¢3‘ FiE = 1

sinh(&) + 22 +1

dﬂ+_1a'mzf*+5 72 Bgl(é) sepy,  BoRiG)

sinh (&) + /22 +1
+—,12(—5+?«.|'1nz.'3+5—?3}
150 and d, 4, i, A, 1, are arbitrary constants.

NZTr 1100 .
ase b5
h
mhere u, = JI0ZZ+5-7Z 42(&)
y 1
1© sinb(#) + A2 +1 __-%1_,“_\.‘103 +5-TZRANZ +1f(H)
coghr &)

TR
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W, = (T2 15 T2 2
ST A
1064 =754 +9004,c, 04 4+, g7

+%(1 LEJI0ZT 1572 + 306, W2 +LAE

2 =du+% 1027 +5-TZ 4 g(&)
+d:gl:|f}: + Ei.mdgf(‘f}
+%,@(_5+wmz-‘ +5-TZWE +1 /(8

where
78 - 1
sinh( &) + 2% +1
g(f) = —ote)

sinh( &) + 22 +1
and d,, 4, 4. X, A are arbitrary constants.

Case 6

us == Ag(£)
v, = By~ g (&) - NZT 418, 7(8)
= 6ym (DA + 48 - (& 14
—1;’6@(12%% + 4/1_3 — A A
e = dy +dyg(E)+ 227+ 1d, £ (&)

where
78 - 1
sinh( &) + 2% +1
g(f) = —ote)

sinh( &) + 22 +1

and &, c,, d,, 4. 1. A, arearbitrary constants.

Case 7

12, = J10Z2+5 -7Z 2,08

v, =l + (%1133 ~Bgld)’ + %(1 R0, - 552,4,
~253 1027 +5 -7 2k,
1A 0E7 +5-72)

JET+1f (& -5+ 7027 5 -72)

W, =c, —ﬁ(—EEISA_? +7301027 +5-72 8
43150046, + 9001027 + 5—7Z A,
A BTN 502 A
8(&Y KA 35+ 1027 +5-72))

+%(—19M§ +9004,c, —754

+146:J1027 +5-7Z 8
12601027 + 5= 7Z Aye,
+105102% + 5-FZ A WE? +1

FIEVA(=5+ 71027 +5-72))

11 -
=, 4 fI0Z 57280
Fr— ey —s 18050
+dyg(&)? + 227 +1d, 1 (£)
—lx?(m-ﬁnz‘ +5-72 -5
1500 7
JZT Lt -5+ 7027 5 -72)

where
7 - 1
sinh(&) + 2% +1
seaya coshi &)

sinh( &) + 22 +1
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and &, d,,

Case 8

%—%%g@)

v =&y —byg(8) 227 + 15 f (8

W, o=c, —%{—x_ +A]+12aa +1240 )08 T A,

—é«fz“ +1i-3 +& +H2Aa, +124, ) FLET A,

Py =dy +d2g(§)2 +22° +1d, /(L)

where
1
HEEE 2
sinh(&) + 22 +1
cosh
gy, _oReh
sinh( &) + 22 +1
and a, b, ¢, 4, &, 4, 4, are arbitrary
constants.

2. when 8 = -1we get

Case 1

=102 +5-TZ A g(&)

1=—)13213+—“d +5-TZ R 1(E)

225

W, =L(—21IIIJI?~..|"1DZJ +5-7Z
000 .
+106.4 + 7540/ 4, +%)1j

02T +5-7Z 718

2. A, A, A are arbitrary constants.

=d, +_,12~HDZ?+5 TZg(&)
+ ﬁ L B(-5+7 1022 +5-72) f(&)g(&)

where

4

Scoshi&) + 2anh( &) +1
Sainhi( &) +coshid)

Scoshi&) + 2anh(S) +1

FE&)=

gLe)=

or

1
cosh(£1+1

sitth (&)
cosh(£1+1

FE)=

g(é) =

and o, 4, A4,. A are arbitrary constants.

Case 2

= Jiozt+s -7Z Ag( &)

2=E,12,13—_ 1022 +5 -T2 A, 4,7 (&)

W, = (0B 0Z 4572
STl :
+1068 + 7543/ 4, ——,aJmZ +5-TZ F(&)

Py =d, +—»€WE(§)
- S 5+ TA0E 4 5 TD) f(OR (@)
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where

4
Scosh &+ 3sinhi & -1
Sainhl &+ coshi &Y
Scosh{ &+ 3sinhi £ -1

fg)=

g&=

or

ot
cosh{&) -1

_ snh{£)
£(¢) cosh{£) -1

Jig)=

and d,, 4, 4, i are arbitrary constants

Case 3

iy =102 +5-72 4 g( &)
v, = i%%+ %nhnz" +5-TZ LT (&)

225 1

1 3 ]
= (21081022 +5-7Z
Wy 900( A
+1064 +752) 1 A,
+%j§w31022+5—72ﬂ5)

o L DT 5Tt
+dyg (&) + 2, F(&)
» %@(—5 +T10Z +5-T2) f(E)g(€)

where

4
Scosh(#+ Fsinhi £ +1
Ssinh (&) + cosh{&)
Scosh(#+ Fsinhi &) +1

fl=

glgl=

or

1
coshi &1 +1

sinth( &)
cosh(£)+1

J&=

gl =

and 4,, 4,. &4, 4,, X, are arbitrary constants

Case 4

u, = J1022 +5-7Z L,g(£)

v, = %%%—%szh 5-TZ LA f (&)

1 3 ]
w, =—— (—2102J102* +5-72
s 900( A
5
+106ﬂ;+?5ﬂ1)fﬂ2—ﬁﬂ.§
JI0Z2+5-7Z 7 (&)

11 3
=g+ — A4 I0ZE" +5=-TZ2
pn ot 775 + g0&)

+d:g(¢}3—2d:f(¢}—%ﬁf

(=5 + 71022 +5-72) fLSg (&)

where
) 4
€)= Scosh(E) + 3sinh(£) - 1
2(&) = Sainhi( &) +cosh(E)

Soosh(&) + Zanh(£) -1

or

o
€)= cosh(&) —1

_ sinh(g)

o) e 1
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and 4, 4., &, 4, 4 are arbitrary constants.

_ 1
Case 5 1O
1 _snhif)
12 = g)g(‘?ﬁhzﬂ +2-Z - 260/\B22 + 5 glc)= S
+84322+2-2)
(3R] o AN ZA,g(#) and &, A, A, A are arbitrary constants.
Case 6

v, :%f‘:mmézuz "2 -THIGBE 2-2 44
+1§"h|52: +5 +E'u'§z"' +2-ZAR g8

= ng'? +5-1Z Ag(&)
ﬁ——»% xflﬂZ:‘ 5-TEZ R4 58

225

W, = (3461656327 + 22 &0 .
34 w, = — (-2108 /102 +5-72
466003332 + 2- 24 +1437068.4° 00
+1360 144004 (2233 1327 + 2 Z +45638))

+1062, +754 ~9004e,)/ A, +c,g(8)

W e
+21—?/1§(463d333+2—z+502} +(E%2 10Z%+5-T7Z +2¢,)7 (&)
g AT 454832 42— 2

2
(T2 2- Z - 26) =dy +—ﬂﬂ”03 +5-TZg(&)

+ﬁg(—5+?m}f@g(§)
il +%’1§(401‘1322 +2-2 +38)

g(AV(TBZ +2-Z - 26) here \
1 3 2 2 =
+§%\’3E +5+8y3Z° +2-Z 7€ Scosh(&) + 3sinh(&) +1
e a _ Sainhi( &) +coshid)
A sel) 26) = ST ooh@ + 3sinh() +1
where or
4 FE-—
T = S s + 3eiab(E) E°?h§gl
_ Ssinh(&) + cosh(£) g(g) = ——=L
8 o oh(e) + Fsinh (&) Foshie il

or and &, -, A&, A, A, are arbitrary constants
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Case 7

= f1027 +5 ~-TZ,g(&)
N RPN 0

215

W =9_é[j(—21m§1hozz+ 5577,
+10625 +754 ~90042,)/ 2y + c,g (&)’
+(-%a§«hozﬂ +5-7Z - 2c) 1 (&)

=d, +_/12«!ng+5 1Zg(£)
_ﬁ;g(—mwmmé)g(é)

where
S = S ® +43 Sh(a) =1
- e
€)= t:-::-sh(léj =1
-t

and d,, ¢,, 4. A, A are arbitrary constants

Solution of some of the cases
case 6, with

w f
"0 s
() = — o)
sim(;m:if +1

and when
y=15 b =0% ¢ =-01 d =04 d =05
A=12, 4 =-05 4=033

Case 1, with
_ 1
F&r= ()
_ cosh(£)
&)= e
and when

F=05 d=-03 =04 A4 =-05 4=1

Case 3, with 6= -1 and

1
7= Cosh(£) +1

__sinh(f)
g(e) coshi£1+1

and when
¥=03, 4 =1, d,=-05 & =1; 4 =05, 1, =05,

Case 5, with 6 = -1 and

_ 4
7 Scosh{&)+ 3sinh(&)
_ Seinhi{&) + coshi )
g(e) Scosh(&) + Zsinh(&)
and when

y=1 d=-15 4=01, 4 =-05 4=-
CONCLUSION

In this paper, based on a modification of a
homogeneous balance method, we have proposed
the extended Riccati equation and applied it to find
many exact soliton solutions for the (2+1)-
dimensional higher order Broer-Kaup system (1).
In particular, some new exact solitary wave solutions
are given.



124

arwn

N o

10.

11.

12.

Albarakati et al., Mat. Sci. Res. India., Vol. 6(1), 111-124 (2009)

ACKNOWLEDGEMENTS

| am grateful to Professor Hassan Zedan

REFERENCES

C.S. Gardner, J.M. Green, M. D. Kruskal,
R.M. Miura, Phys. Rev. Lett. 19: 1095 (1967).
R. Hirota, Phys. Rev. Lett. 27: 1192 (1971).
Cariello F, Tabor M. Phys D 39: 77 (1989).
Fan E. Phys Lett A 265: 353 (2000).

Miura MR. Backlund transformation. Berlin:
Springer-Verlag (1978).

W. Malfliet, Amer. J. Phys, 60: 659 (1992).
J. Satsuma, R. Hirota, J. Phys. Soc. Jpn. 51:
332 (1982).

S.D. Liu, et al., Acta Phys. Sinica 51: 718
(2002).

Y.B. Zhou, M.L. Wang, Y.M. Wang “Periodic
wave solutions to a coupled Kdv equation
with variable coefficients” Phys. Lett. A 308:
31-36 (2003).

S-Y. Lou and X-B. Wu Infinitely many Lax
pairs and symmetry constraints of the KP
equation J. Math. Phys., 38: 6401-6427
(1997).

De-Sheng Li, Gao Feng, Zhang Hong-Qing
Solving the (2+1)-dimensional higher order
Broer-Kaup system via a transformation and
tanh-function method. Chaos, Solitons and
Fract., 20: 1021-1025 (2004).

Jian-gin Mei, De-sheng Li, Hong-qing Zhang
“New soliton-likes and periodic solution of
(2+1) dimensional higher order Broer-Kaup
system” Chaos, Solitons & Fractals, 22:
669-674 (2004).

for his enthusiastic guidance and help.This work
has been supported by King Abdul-Aziz
University,Saudi Arabia

13

14.

15.

16.

17.

18.

De-Sheng Li, Hong-Qing Zhang Some new
types of multisoliton solutions for the (2+1)-
dimensional higher order Broer-Kaup system
Applied Mathematics and Computation, 152:
847-853 (2004).

Jin-Liang Zhang, Ming-Liang Wang, Yue-
Ming Wang, Zong-De Fang “The improved
F-expansion method and its applications”
Physics Letters A, 350: 103-109 (2006).
Engui Fan, Benny Y.C. Hon “Double periodic
solutions with Jacobi elliptic functions for two
generalized Hirota-Satsuma coupled KdV
systems” Physics Letters A, 292: 335-337
(2002).

Yaxuan Yu,Qi Wang, Hongging Zhang “The
extended Jacobi elliptic function rational
expansion method to solve a generalized
Hirota-Satsuma coupled KdV equations”
Chaos, Soliton and Fractals, 26: 1415-1421
(2005).

Huiqun Zhang “New exact solutions for two
generalized Hirota-Satsuma coupled KdV
systems” Communications in Nonlinear
Science and Numerical Simulation, 12:
1120-1127 (2007).

E. Fan “Soliton solutions for a generalized
Hirota-Satsuma coupled KdV equation and
a coupled MKdV equation” Physics Letters
A, 282: 18-22 (2001).



